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EQUATIONS OF STATE OF PIEZOCERAMIC SHELLS”

N.N. ROGACHEVA

The reduction of three-dimensional equations of electroelasticity to two-dimensional
equations of piezoceramic shells is performed by an asymptotic method /1/ for the
case of preliminary polarization along one of the families of coordinate lines of
the middle surface. It is shown that for shells covered completely with electrodes
on which a potential difference is maintained, the complete problem breaks down into
a mechanical and an electrical problem, where the mechanical problem differs qualit-
atively from theories based on the Kirchhoff—ZLove type of hypotheses. For shells
not covered with electrodes and lcaded by a mechanical surface load, the complete
problem does not generally allow of separation into mechanical and electrical pro-
belems, in which connection the system of differential eguations is of tenth order.

1. Let us select a system of tri-orthogonal coordinates O %2, ¥ in such a manner that the
lines a;, @3 would coincide with the lines of middle surface curvature, while the Y-lines
would be orthogonal. In the coordinate system chosen we write the equations of electroelast-
icity of a piezoceramic shell which has first been polarized along the Qz-lines /2/:

The piezoceffect equations
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The electrostatic equations
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The strain-displacement formulas
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Here and henceforth, two different equations can be obtained from each with subscripts § and
J+ one by setting i==1{,j =2, and the other by setting =2, j=1,
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wonsymmetric tensor associated with the symmetric tensor 0y, 0;s, Gy by the formulas
Ti = @j0y, Tij = a;01, Ti3 = 0j03, T3 = 08035 (1.4)
is introduced in (1.1).
To shorten the writing in the piezoeffect equations, the following notation is introduced
for the constants characterizing the electrical and mechanical properties of the shell material:

E E
(PR S - 13 (1.5)
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The notation in (1.1)— (1.5) is v;, vy are displacements, 4; are coefficients of the first
quadratic form of the middle surface, R, are its principal radii of curvature, s;,F, s.F, . F

2 S 8157,
ssg®, suf are the elastic compliances for a zero electrical field, dy, dy,, dys are piezo-
electrical constants, 5;11 , €37 are the dielectric permittivities for zero voltages, E is
the electrical 13 int

and Dis the electrical induction vector

inguc y VeClTor.

The equilibrium equatlons have the same form as in the theory of nonelectrical shells,
hence, we construct just the electroelasticity relationships.

2, Let us examine a shell not covered with electrodes, on whose facial surfaces the fol-
lowing surface load is given

@ag;  |p=th 45 ly=rh =9 (2.1)

In the no-electrode case, the electrical conditions have the following form:
D ly=tn =0 (2.2)

To obtain conditions on the external shell surface, just the plus sign of the double signs
in (2.1) and (2.2) must be taken, since conditions on the inner surface are obtained if the
minus is taken.

We take the following asymptotic representation for the desired quantities of the electro-
elastic state under consideration:

C,
Vi = NVig Vg = NVgs, T = Tin, Tij = Tija (2.3)
— ml-c I L — ml-8
=N Tgx, Tis = M Tigy, Es =n'"Eg,
.= FE:. D.— h2’38+0n-, — D.. oy — n%
£~y iky &3 L 2] "1 iRy Y B ¥
c=0, O<s<‘,2, e=—1+42s, 1, <Cs<1
Here 7 is the relative semi-thickness of the shell and o according to the termincloayv used
nere T 15 Uil YegidurlvVe Selil—uwililRIES O Th€ sncii, anc g, aclorcling Lo TOC TCXMinoiogy usScd
in /1/, is the index of variability of the electroelastic state.
By means of (2.3) the desired quantities are replaced by quantities with asterisks which

have the identical asymptotic order as v — 0. The asymptotic representation (2.3) taken re-
sults in a non~contradictory theory in a first approximation. Moreover, (2.3) are confirmed

in simple solutions /3/.
Let us execute the scale expansion along coordinate lines usual for
the piezoelasticity equations (R is the shell characteristic dimension) :

= 2°R&i, v = n"'RL (2.4)

The coordinates & and [ are introduced in such a manner that differentiation with re-
spect to them would not result in a substantial increase in the functions desired. Formulas
(2.4) mean that the desired quantities will increase n* -fold under differentiation  with
respect to the coordinates ®; and 71™'-fold under differentiation with respect to 7y.

We substitute (2.3) and (2.4) into (1.1)— {1.4). Consequently, we obtain the following
equations
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The order of each term of the equation with respect to the principal texms in the same equation
is given, in the formulas written down, by the factor 7 to a non-negative power, ahead of it.
We construct the two-dimensional equations of state to the accuracy of quantities of order
¢ where
e =0 (") (2.6)
Integrating (2.5) successively with respect to { to the accuracy of quantities of order
(2.6), we obtain an expansion of the following form:

Py= X UaP,; (2.7)
=0

where P, should be understood to be any of the desired quantities Uis, . .., Wy and n,ai take
the following values for each of these quantities
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Let us substitute the expansions (2.7) and (2.8) into (2.5). After equating coefficients of
identical powers of { we obtain the following equations
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The quantities €0, &i00 Miyy My are found according to (2.5) inwhich the asterisks should
be replaced by zerc or one, respectively, while the following formulas hold for €5, &i,1:

100, 1
e =—— — L
3
30 v
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gi,1 = —— —z— — N°R —
WU T TR

Let us turn to guantities used in the theory of shells in the equations obtained. Using
(2.7) and (2.3}, we find that the displacements y, w» of the shell middle surface are related
to the three-dimensional displacements as follows
(2.10)

(2.8) and (2.3):

- s _ P
Uy = Uilsmg = ' Uy, W =~ Vagfpmg=—1" U3

The forces and moments are expressed in terms of the stresses by using (2.7),

“+h “+h
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- ~h
“+h
G.—_,.., S T;}’d‘\"‘"‘*’l’}l"““c an Tiyt
+h

R 1~25+C

¢ 2k
X Ti;Y d\’ = ﬂ""” 3 Tijn1
ot
+

T!B dV = ’QHZh (Ti&“ +

Tw,z)

Using (2.10),(2.3),(2.9), we express the guantities UVi;, Us,, €ig ..., €, in terms of the

angles of rotation and the strain components of the middle surface

e, = Re;, mus = Rey, g0 = 70 (2.12)

Vig = =" Ry, vay = R (s12Fnyy + 50" ng)e, -+
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i

The angles of rotation ®j, ¥; and the middle-surface strain components &;, @, %;, T are expressed
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in terms of the middle-surface displacements by means of formulas from /1/.
As result of transforming (2.9) and taking account of (2,11) and (2.12), we obtain form-

ulas in the shell theory terminology, which we separate into two groups. Among the first group
are the following

Ty = 2h (riigr + nijes) — 2he;Ex® — {hp; (g5 — ¢57))} (2.13)
S; .———— (m—d, ED)
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2 (4:D") + a(A,Dg”) -0
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Here and henceforth, the quantities with numerical superscript in parentheses are the co-
efficients of the desired quantities in expansions in powers of Y. These expansions are obtained

if { is replaced by y in (2.7) and (2.8) by using (2.4) and taking (2.3) into account. They
have the form

n
P =3 y'pw (2.14)
i=0
where the number n is determined by (2.8) for each of the desired quantities. Small terms of
the order of N! in comparison to the principal terms are in braces everywhere.

In addition to (2.13), the equilibrium equations and strain-displacement formulas should
be included in (2.13). We consequently obtain a closed system of tenth order differential
equations in the unknown mechanical and electrical quantities. We refer all the remaining
equations to the second group

3d ds Su
DY = Hy — {55 2 (2.15)
T T,\ , d
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According to (2.15), after the solution of the system of equations of the first group has
been found, the electrical quantities not in the first group can be predetermined by using
direct operations.

Let us note that the complete problem does not generally allow separation into mechanical
and electrical problems. Some particular cases are the exception, for instance, for the axi-
symmetric problem /3/, all the electrical quantities in (2.15) can successfully be expressed
in terms of forces, whereupon the complete problem separates into mechanical and electrical
problems. In this case the equations of the mechanical problem differ from the equations of
the theory of non~electrical shells only by the meaning of the coefficients in the equations
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of state adhead of the strain components.

3. Let us examine a piezoelectric shell with facial surfaces covered completely with
electrodes on which the value ¥ of the potential is given V(V is a function only of the time)

Y ly=gn = £V (3.1)
It is assumed that there is no mechanical surface load
T _ Tia .
g TRl M (3.2)

We take the following asymptotic representation for the desired quantities of the electro-
elastic state
Ul = nl—sn—cul*’ vy = UZ*, 0 (v2 IV;‘-O) . nl—s#c (3_3)
Vg = 71"2;*“03*, Ty = Tig, Tij = Tyijg
Tig = N Tigx, Ty = 0174y, By = n71E,,
Y =y, D; = Dy, Dy =D,

where ¢, §, 1 have the same meaning as before. In the case under consideration, it follows
from (1.2) and (3.1) that the tangential electrical field intensity vector components £, and

E, are zero.

Let us make the change of variables (2.4) by substituting the asymptotic (3.3) into the
initial equations, we then integrate with respect to { to the accuracy of (2.6), whereupon we
obtain an expansion of the form (2.7), of which we present here only the formulas for the dis-
placements and the principal stresses

Vix = Vro + 0700y, Uy = 80y o 4 LU, + 0iE0e,
Ugse = Bg,p + n'"Lvyy + ALy,

Tig = W20 -+ LTin -+ R,

Tigx = NPT 4 DTy 4+ N 00Ty,

(3.4)

Comparing (3.4) with the analogous formulas of the theory of non-electrical shells /1/, we
note that the expansions obtained for the stresses have almost the same form as the appropri-
ate expansions in the case of a pure bending state. The formulas for the displacements vy,
and Vsx have no analogs in the theory of non-electrical shells. The greatest of the displace-
ment components is v,;. This is explained by the fact that the domains oriented along the lines

¢, tend to occupy a position noxrmal to the middle surface upon imposition of the electrical
field, conseqguently, the quantities Ti,, Tij; by which the moments are determined, are maximal
in the principal stress. Performing the computations in the same sequence as in Sect.2, we
obtain the following electroelasticity relationships for the shell with electrodes:

pa n, e 1 8 1
T =2h(nye; + nye;) -+ {———k;duEs {—ﬂ- —fllz—aa: v + (3.5)
n 1
(s12Enyy + 515FNa1) (7?11 = ) 4+ 2ny (—E—— -E:) + 2p; ( ry + nnﬂ}
2h?
G,-l = — 3 (n“n- -+ ny;%; -+ nnkld,bE,)
. hw“,Eq ks 1 8 1
Su=- s (Rt )|
~ 2R3 1 1
S1p = Szl T\ BE (1—?1 - T) (disks By — 17)}
4R 3hk,d; 14

Hy=Hy= T — i L 15 E. Ey—=——

12 21 33“E 3s 44 a 3 h

Together with the equilibrium equations and the strain-displacement formulas, the relation-
ships (3.5) comprise a close system of eighth-order differential equations that donot contain
unknown electrical quantities. Since the Kirchhoff~ Love hypotheses are not satisfied for the
theory constructed, the formulas to go from the forces and moment to the stresses and from the
middle surface displacements to the three~dimensional displacements are qualitatively differ-
ent from the corresponding formulas of the classical theory of non-electrical shells. The
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formulas (2.14) hold for the expansions of the desired quantities in the variable ¥y where the
number " is given in the following manner:

n =1 forv;; n = 0 for E,, D,
n =2 for vy, s, T, Ty, Di; n = 3 for Ty, Ty
After the mechanic problem has been solved in theory of shell terminology, it is possible
to go over to the three-dimensional desired quantities by using the following formulas:
;0 = u;, v = — w, 0D = —71
dyE.
v _dIQEIi—TZy {V;2)=—21;3—3}

2
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Then we calculate the electrical guantities by means of the stresses found:
Dy® =g TE,, Di® = dy11,®, DD = d,,1,,®
1
{D§2) dlﬁ( (2)_‘——3 Tf?)}
2

Dy0 = dy 1, ® + das1,® + {d3175@)
Dy® = dgy 1,V 4 dgy1,®

(l 1)
{D(Z)_d T(Z) + daa_[;ﬁ) _ (d R 1 dss 12 ) + dalr(z)}

As before, those terms and equations that must be discarded are in the braces if an error of the
order of n! is allowed in the theory.

It is seen from the formulas obtained that the complete problem separates into mechanical
and electrical problems in the case under consideration, where the electrical quantities are
calculated after the mechanical problem has been solved by using algebraic operations.

4, Electroelastlc1ty relationships have been obtained above to the accuracy of quantities
of the order of n? It can be shown that this accuracy is optimal, as in the theory of non-
electrical shells /l/. the theory is complicated qualitatively for an attempt at its improve-
ment, the order of the system of differential equation rises, the need occurs for the introduc-
tion of an elasticity relationship connecting the transverse force and the transverse shear,
etc.

The terms and equations in the braces permit raising the accuracy of the computation to
quantities O(n*™*) for an electroelastic state with low variability (s <<V, which is import-
ant in solving practical problems since medium-thickness piezoelectrical shells are used, as
a rule, in engineering. For high indices of variability (s > Y;) the small terms in the braces
are outside the accuracy taken, hence, they must be discarded.
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If terms O (y') are neglected in the electroelasticity relationships constructed, and
simplifications are introduced that hold for the axisymmetric problem for meridian polariza-
tion, then we obtain the electroelasticity relations that agree with those deduced earlier in
/3/.

Let us note that in this particular case, the simplified transfer formulas for shells
covered completely by electrodes do not permit determination of the quantity »,® (for s= 0,2,
is of the same order as ). Moreover, for small s it is impossible to determine the stresses
in texms of forces since the principal stresses along the normal coordinate vary according to
a square law, and the formulas taken in shell theory provide only a linear law of stress vari-
ation over the thickness.
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